The ion beam bunching in a cascaded target normal sheath acceleration is investigated by theoretical analysis and particle-in-cell simulations. It is found that a proton beam can be accelerated and bunched simultaneously by injecting it into the rising sheath field at the rear side of a laser-irradiated foil target. In the rising sheath field, the ion phase rotation may take place since the back-end protons of the beam feels a stronger field than the front-end protons. Consequently, the injected proton beam can be compressed in the longitudinal direction. At last, the vital role of the ion beam bunching is illustrated by the integrated simulations of two successive stages in a cascaded acceleration.
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I. INTRODUCTION
With the advent of compact intense lasers, the generation of energetic particles in the laser-plasma interactions has been drawing an enormous amount of attention [1] [2] [3] [4] .
Paramountly, laser-driven plasma-based accelerators can sustain an accelerating field as strong as a few hundreds of GV/m, which is many orders of magnitude stronger than that in the conventional radio-frequency (RF) accelerators. By such a strong accelerating field, charged particles can be accelerated to high energies over an extremely short distance.
This allows laser-driven accelerators to be more compact and more economical than the conventional RF accelerators. Nevertheless, the particle energies achieved by laser-driven accelerators are still much lower than those by the conventional RF accelerators. In particular, it is still a big challenge to increase the ion energies in laser-driven ion acceleration. So there is still a substantial gap between the achievable ion energies of laser-driven ion sources and the necessary energies for some important applications, such as proton therapy 5, 6 .
In order to enhance the ion energies as well as the beam quality and energy conversion efficiency in laser-driven ion acceleration, a number of mechanisms have been proposed with various laser and target parameters. So far, the target normal sheath acceleration (TNSA) is still the most studied mechanism in experiments because of its relatively simple requirements on the laser and target conditions. In this mechanism, a strong charge-separation electrostatic field is formed at the rear sheath of a thin target when a portion of hot electrons produced in laser-plasma interaction go through the target 7 . By this sheath field, the ions can be accelerated up to tens MeV per nucleon 8 . Alternatively, the generation of energetic ions by the radiation pressure acceleration (RPA) has been intensively studied recently 9 .
According to the theoretical model, the ions of an ultrathin foil can be steadily accelerated by the radiation pressure of a circularly-polarized intense laser pulse. Consequently, it is predicted that the ions could be accelerated by the RPA to much higher energies with a high conversion efficiency. However, the RPA has some extremely stringent requirements on the laser and target conditions in experiments 10, 11 , including an ultrathin foil and an ultrahigh contrast laser pulse. Furthermore, the laser pulse should be circularly-polarized for suppressing the plasma heating, which is also a big challenge for the high-power laser pulse 12 .
In addition to individual acceleration schemes, some hybrid schemes [13] [14] [15] or cascaded More interestingly, some cascaded acceleration schemes allow the spectral shaping of the resulting ion beams 18 . As a result, the ion energies and the energy spread could be simultaneously improved in a cascaded acceleration scheme 16, 19 . However, the improvement on the energy spread will disappear if the ion beam duration is comparable to the lifetime of the accelerating field 19 . Therefore, the bunching would be critically required to control the longitudinal size of the ion beam in a cascaded laser-driven acceleration scheme 23 .
In this paper, we propose a cascaded TNSA scheme, in which the ion beam bunching is realized via the ion phase rotation in the sheath field at the target rear side. As a typical configuration for the well-known TNSA mechanism, a thin foil target is irradiated by a short intense laser pulse in Fig. 1(a) . A large number of hot electrons will be generated via collisionless heating mechanisms 25, 26 . A strong charge-separation electrostatic field can be stimulated at the rear sheath when some hot electrons propagate through the target and expand into the vacuum 27 . In particular, it takes a considerable period of time before this sheath field attains its maximum strength 19 . If an ion beam is injected into this laserirradiated foil when its sheath field is rising, one can imagine that the back-end ions of the beam will feel a stronger sheath field than the front-end ions. Therefore, the back-end ions may be accelerated to higher velocities even if their initial velocities are lower than those of the front-end ions as shown in Figs. 1(b) and (c). Consequently, the back-end ions will overtake the front-end ions as shown in Figs. 1(d) and (e). Concerning this whole process, a half-cycle rotation of the ions in the phase space is accomplished. Using particle-in-cell (PIC) simulations, we verify that the longitudinal size of the injected ion beam can be well controlled via such a phase rotation, i.e., the ion beam bunching is achieved. Furthermore, the importance of the ion beam bunching in a cascaded acceleration is clarified by the integrated simulations of two successive acceleration stages.
II. SIMULATION RESULTS AND ANALYSIS
To visualize the ion beam bunching via the phase rotation, we have performed a series of 2D3V particle-in-cell (PIC) simulations of cascaded TNSA using the code EPOCH 28 .
In the first set of simulations, a single stage of cascaded TNSA is investigated. In the simulations, a linearly-polarized laser pulse irradiates a carbon target obliquely with an angle of 45
• from the left side. It is assumed that the laser pulse has a wavelength λ = 1µm, a peak intensity I 0 ≃ 3.08 × 10 20 W/cm 2 (the normalized vector potential a 0 ≡ |eE/ωm e c| = 15).
The pulse has Gaussian intensity profiles in both the transverse and longitudinal directions with a spot radius σ = 5µm and a duration τ . In a typical simulation, we set the duration x, an initially uniform temperature T i = 1 keV is assumed. By changing the initial center
x-coordinate x 0 , the time when the proton beam arrives at the target rear (x = 6λ) and enters into the sheath field can be well controlled in simulations. For reference, the peak of the laser pulse is assumed to arrive at the target front (x = 0) at t = 0, and the simulations begin at t ≃ −16T 0 .
A. Mechanism of ion beam bunching
To understand the mechanism of the ion beam bunching in a cascaded TNSA, we first revisit the generation of hot electrons and electrostatic sheath field in a laser-foil interaction.
Thanks to the efficient coupling of laser energy into the applied near-critical-density target, a large number of hot electrons are generated. As shown in Fig. 2(a) , a considerable portion of these hot electrons can penetrate through the target and expand into the vacuum at the rear side. As a result, an electrostatic field as strong as a few TV/m is quickly rising in the charge-separation sheath at the rear side as shown in Fig. 2 
(b). Figure 2(c)
displays the time evolutions of the sheath field peaks E x,p with different laser pulse durations.
Correspondingly, the time evolutions of the electrostatic potential peaks φ p are displayed in Fig. 2(d) . It is illustrated that the rising of the sheath field needs a response time on the order of the laser pulse duration τ if the latter is around ten laser wave periods. In a typical simulation case with τ = 12T 0 , the sheath field peak rises from 0 to the maximum ∼ 15 TV/m in a time interval −4T 0 ≤ t ≤ 8T 0 . The quick rising of the sheath field, usually accompanied by the broadening of the charge-separation sheath, will greatly raise the electrostatic potential peak φ p as shown in Fig. 2(d) . Because of the broadening of the charge-separation sheath, the electrostatic potential peak φ p can continuously increase for some time after the sheath field peak achieves its maximum. will naturally propagate at the front after a considerable long propagation. Consequently, the ion rotation in the phase space can take place, i.e., the back-end protons overtake the front-end protons, only under the condition
where While under the condition φ p (t b ) − φ p (t f ) ∼ E f − E b , a highly monoenergetic proton beam can be expected 16, 19 . In order to achieve the ion beam bunching during a single accelerate stage, however, the difference in the electrostatic potential |φ p (t b ) − φ p (t f )| must be substantially larger than the initial difference in the mean proton energy |E f −E b |. On the other hand, the final energy spread of the obtained proton beam will be obviously increased
should be a relatively appropriate condition for achieving the efficient ion beam bunching and controlling the final energy spread on the initial level.
B. Results of a single acceleration stage
To some extent, the electrostatic potential difference |φ p (t b ) −φ p (t f )| can be controlled by modifying the arrival time of the proton beam at the sheath field, while the latter is realized by changing the initial x-coordinate x 0 of the proton beam center in the simulations. Figure   3 compares the time evolutions of the proton distributions in the x − p x phase space for two different injected proton beams initially centered at x 0 = 3.2λ and 2.6λ, respectively.
In the case x 0 = 3.2λ, the front-end and back-end protons will arrive at the target rear side at t f = 1.8T 0 and t b = 5.1T 0 , respectively. As shown in Fig. 2(d) , the corresponding electrostatic potential difference φ p (t b ) − φ p (t f ) ≃ 5 MeV, which is about the double of the initial proton energy difference between the front-end and back-end protons. Consequently, the back-end protons will obtain more energy and quickly become faster than the front-end protons as indicated by the phase space distribution at t = 24T 0 in Fig. 3(a) . Subsequently, the back-end protons can catch up with the front-end protons and the whole proton beam is highly compressed at t = 112T 0 . After this, the length of the proton beam will gradually increase due to the free expansion, and the proton distribution in the x − p x phase space becomes similar to the initial one. In this whole stage, a half-cycle rotation of these protons in the x−p x phase space is evidenced. In contrast, the proton beam will enter into the sheath field relatively later with t f = 5.7T 0 and t b = 9.5T 0 in the case x 0 = 2.6λ. Correspondingly, the electrostatic potential difference is reduced to φ p (t b )−φ p (t f ) ≃ 1.5 MeV, which is slightly smaller than the initial proton energy difference. As a result, the back-end protons will be accelerated to be nearly as fast as the front-end protons as shown in Fig. 3(b) . However, The distance between two foil targets is 40 µm. The peak of the first laser pulse is assumed to arrive at the first target front (x = 0) at t = 0. While the second laser pulse peak arrives at the front of the second target (x = 46) with a time delay of t = 194T 0 or 175T 0 , respectively. In addition, a quasi-monoenergetic proton beam, centered at x 0 = 3.2λ or 2.6λ, is incident along the x-axis into laser-irradiated foil targets.
the length of the proton beam always increases in the whole stage.
The time evolutions of the beam qualities in a single acceleration stage are quantitatively compared between the cases with x 0 = 3.2λ and 2.6λ in Fig. 4 . Figure 4 (a) indicates that the proton beam initially centered at x 0 = 3.2λ can be accelerated up to a mean energy of ∼ 34 MeV which is slightly lower than that of the one initially at x 0 = 2.6λ, since the latter enters the rising sheath field later and feels a stronger field. Further, Fig. 4(b) demonstrates that the FWHM absolute energy spread can be efficiently suppressed to ∼ 1.2
MeV in the x 0 = 2.6λ case while it remains at around the initial value ∼ 2 MeV in the x 0 = 3.2λ case. As a result, Fig. 4(c) shows that the energy spectrum in the x 0 = 2.6λ
case seems superior to the one in the x 0 = 3.2λ case. However, it must be pointed out that in the x 0 = 2.6λ case the FWHM longitudinal size of the proton beam monotonously increases up to ∼ 1.5λ, which is about one order of magnitude higher than the initial length.
While the proton beam experiences an obvious shrink in the x 0 = 3.2λ case, the minimum cascaded acceleration.
C. Results of two successive acceleration stages
To illuminate the crucial role of the ion beam bunching in the cascaded acceleration, the integrated simulations of two successive acceleration stages are performed. As shown in The time evolutions of the beam qualities during these two successive acceleration stages in the cases with and without the bunching are compared in Fig. 7 . Figure 7 (a) shows that the energy of an initial 10 MeV proton beam can be boosted up to more than 60 MeV after two successive acceleration stages regardless of the ion beam bunching. As explained above, the scheme with the bunching is not the optimal choice for suppressing the energy spread in a single acceleration stage. However, it is worth noting that the energy spread can be well controlled after two acceleration stages in the case with the bunching as shown in Fig. 7(b) . While the energy spread in the case without the bunching is increased obviously after the second acceleration stage. This is because without the bunching the proton beam will be greatly prolonged in the first acceleration stage, and it is much harder to control the energy spread of this prolonged proton beam in the second stage. As a result, the final energy spectrum in the case with the bunching can surpass the one without the bunching as displayed in Fig. 7 (c). More importantly, Fig. 7(d) shows that without the bunching the FWHM longitudinal size of the proton beam will dramatically increase up to ∼ 5.5λ, which is severely adverse to the next acceleration stages. In contrast, the longitudinal size of the proton beam can be kept on the level of the initial size with the bunching. Therefore, with the bunching the acceleration of such a high-quality proton beam can be repeated continuously in the next acceleration stages.
III. DISCUSSION AND CONCLUSION
It is worth pointing out that the ion rotation in the phase space could also take place after two or more acceleration stages in the cases that the ratio between the electrostatic potential difference and the initial mean energy difference [
However, the longitudinal size of the ion beam in these cases may have already increased up to an intolerable level after two or more acceleration stages. Therefore, it would be better to achieve the efficient ion beam bunching in each single stage under the condition that the electrostatic potential difference is substantially large enough to compensate for the mean
In order to save the computational cost, the laser-target parameters in the simulations are
This allows the ion rotation in the phase space take place as soon as possible, in the meanwhile the beam energy spread doesn't obviously increase. In the cases that
the ion rotation in the phase space and the energy spread reduction would be achieved simultaneously in a single acceleration stage. This implies that not only the longitudinal size but also the energy spread of an injected ion beam could be effectively suppressed in a cascaded laser-driven ion acceleration scheme. More importantly, the ion rotation in the phase space will take place at a much slower pace in these cases. Accordingly, the distance between two successive targets should be enlarged dramatically. Although a much larger distance between two targets may cause inconvenience to the PIC simulations, it could be more favorable to the experimental realizations.
Besides the laser pulse and the foil target as employed in a normal TNSA scheme, an initially quasi-monoenergetic proton beam is crucially required in this cascaded laser-driven ion acceleration scheme. Such a proton beam might be obtained from the TNSA with energy selection 30 or a laser-driven nanotube accelerator 31 and so on.
In summary, we find that the ion beam bunching in a cascaded TNSA scheme can be achieved via the ion rotation in the phase space. By modifying the time delay between the injected proton beam and the laser pulse, one can allow the proton beam enter into the sheath field at the target rear side when it is quickly rising. Then the back-end protons of the beam will feel a stronger sheath field and be accelerated to higher energies than the front-end protons. Consequently, the back-end protons will overtake the front-end protons,
i.e., the ion phase rotation takes place. More importantly, the integrated simulations of two successive acceleration stages verifies that the energy spread in a cascaded acceleration can be well controlled only when the ion beam is bunched via such phase rotations. 
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